Introduction
Nonreciprocal optical devices, such as circulators and isolators, are essential components in large-scale integrated photonic circuits, due to their ability to suppress crosstalk and fringes among constituent stages [1] [2] [3] [4] [5] . Circulators are widely used in fiber-optic interferometries to suppress laser noise and can be integrated with channel add/drop filters in switching applications [6] . In the past decade, the efforts to miniaturize nonreciprocal devices have been focusing on enhanced magneto-optical response in resonators and guided-wave structures [7, 8] . Particularly, on-chip optical circulators have been proposed using photonic crystal resonators with overall dimensions at few-wavelength scale [9] [10] [11] [12] [13] [14] [15] [16] and nonreciprocal waveguides at hundreds of wavelengths [17] [18] [19] [20] . Resonator-based circulators rely on nonreciprocal coupling between waveguides and two counter-rotating resonant modes, where the resonant frequencies are split by magneto-optical effects [10, 21] . As a consequence, resonant circulators are inherently narrow-band, with the operational bandwidth limited by the magneto-optical constants [10] , irrespective of three-port or four-port configurations [9] [10] [11] . However, this inherent limit cannot be solved with very strong magneto-optical material alone, because reciprocal coupling directly occurs between the waveguides when they are closely placed to the resonator to lower quality factor.
To reconcile the needs for both large bandwidth and small device footprint, we propose to use recently-discovered one-way waveguides [22] [23] [24] [25] to create broadband optical circulators with a device dimension on the order of tens of wavelengths. These photonic one-way modes are highly nonreciprocal: they propagate only along a single direction, while the backward modes are completely evanescent. In this paper, we use these fundamentally new states of light to create circulators that have the bandwidth potential to span an entire photonic bandgap. The circulators are based on directional couplers between a one-way edge waveguide and a conventional two-way waveguide. As a result, the operational bandwidth is determined by that of a waveguide coupler, without the inherent limit of a resonance. We employ both analytical spatial coupled mode theory and finite-element method to analyze such directional couplers and their performance as three-port circulators. A more complex four-port circulator will be also be presented, together with additional scattering matrix analysis, to elucidate the directions for further improvement in bandwidth.
Optical circulators based on one-way waveguides
Generally speaking, an optical circulator is a nonreciprocal multi-port device in which, under ideal conditions, light entering any given port is transmitted completely to the subsequent port. Reflected waves not only are blocked from entering upstream stages, but are also separated and can be analyzed using additional optics. Optical circulators require a minimum of three ports, and more ports can be added by cascading multiple three-port circulators [16, 26] . For this reason, we focus on the simplest three-port and four-port configurations in this paper. Starting with a three-port circulator, we consider a one-way waveguide where light propagates in a single spatial mode along the forward direction, but is evanescent along the backward direction. A section of the one-way waveguide is placed in the vicinity of a twoway waveguide, in parallel, to form a waveguide coupler (Fig. 1a) . Under a certain set of conditions which will be discussed in detail in the next section, complete energy transfer occurs for the forward modes between the two waveguides, and a three-port circulator is created. As illustrated in Fig. 1(a) , the left and right ends of the two-way waveguide serve as Ports 1 and 3 respectively, while the input and output of Port 2 locate at the two ends of the one-way waveguide. Light entering Port 1 is completely transferred to the one-way waveguide through the directional waveguide coupler and is therefore transmitted to Port 2. In a similar fashion, light entering Port 2 is transmitted to Port 3. In contrast, the backward propagating mode remains in the two-way waveguide and consequently incident light to Port 3 travels to Port 1.
Cascading two three-port circulators produces a four-port circulator [16] . In our implementation, two three-port circulators described above are connected through port 2, resulting in a circulating one-way waveguide coupled to two two-way waveguides, as shown in Fig. 1(b) . The ports reside at the ends of the two-way waveguides. Transmission from Port 1 to Port 2 and from Port 3 to Port 4 is mediated twice through waveguide couplers between sections of the one-way and the two-way waveguides. Transmission from Port 2 to Port 3 and from Port 4 to Port 1 takes place without interacting with the one-way waveguide. Overall, the system functions as a four-port circulator, with the ports distributed around the peripheral of the structure in an apparent counter-clock-wise direction opposite to the clock-wise circulation direction of the one-way waveguide.
At the heart of such waveguide-coupler-based circulators is a one-way waveguide where reflection is completely suppressed and full transmission occurs even at sharp corners or near large defects and scatterer. Two classes of one-way waveguides have been proposed: photonic chiral edge states [22, 23, 25] and surface magnetoplasmons [24, 27, 28] . Photonic chiral edge states flow at the truncated surfaces of a magneto-optical (gyromagnetic) photonic crystal in a particular frequency range where the bulk crystal features non-trivial topological properties.
In contrast, surface magnetoplasmons rely on the splitting and the directional-dependence of the surface plasmon frequency in the presence of a strong external magnetic bias [24] . Although both effects are purely two-dimensional, photonic chiral edge states have been experimentally realized in three-dimensional systems [25, 29] . In this paper, we choose to focus on photonic chiral edge states, because of the additional degree of freedom from a large number of lattice choices, a large relative bandwidth, and low absorption loss in experimental systems [25] . Nevertheless the concept and the design principle can be readily transferred to surface magnetoplasmon systems. A three-port circulator can be conveniently constructed from a waveguide coupler in twodimensional photonic crystals. Taking a typical structure supporting photonic chiral edge state [23] , where light travels only in one direction at the interface between a lower cladding of a gyromagnetic photonic crystal and an upper cladding of a nonmagnetic photonic crystal (Fig.  2a) , we introduce an additional two-way waveguide by creating a line defect one lattice constant away from the interface.
Waveguide Coupler as a Three-Port Circulator
The gyromagnetic photonic crystal consists of a square lattice of yttrium-iron-garnet (YIG) rods in air, with the rod radius 1 0.11 r a = ( a is the lattice constant). YIG exhibits strong gyromagnetic response under external magnetic bias, as the permeability tensor takes the form: At the interface between the two crystals, a one-way chiral edge state emerges through the entire frequency range where the two bandgaps overlap. We added the second waveguide by increasing the rod radius in the second lowest row of the upper cladding to 0.449a to introduce a line defect. This radius is chosen, together with an increase in the size of the rods in the top row of the lower cladding to 0.134a, the dispersion relations of the two waveguides intersect at a midgap frequency of 0.551 2 c a π × (Fig. 2c) . The operational bandwidth of the waveguide coupler directly determines the bandwidth of the circulator. Therefore, it is important to review the analytical theory of a waveguide coupler that guides the design of the dispersion relation of the constituent waveguides. Such an analytical theory also points towards ways to improve transfer efficiency by controlling the difference in the phase velocity between the underlying waveguides. In the weakly-coupled regime, the amplitude of the waves in two parallel waveguides can be described by the following spatial coupled mode equations [30]: 
and their spatial field distributions are a linear combination of the individual waveguide modes (Fig. 2c) . Light entering into either one of the constituent waveguide simultaneously excites both eigenmodes. Because of their different propagation constants, the spatial beating between the two transfers power between the two waveguides in a back-and-forth manner [31] . Maximum power transfer is given by 
The operation of an ideal circulator requires the waveguide coupler to satisfy the following two conditions over a broad range of frequencies: complete power transfer between the waveguides, and an identical interaction length. Consequently, for the constituent one-way waveguide and two-way waveguide, the ideal conditions include identical dispersion relation ( 1 2 β β κ − << ) and identical coupling constant κ over as broad frequency range as possible.
In our design, the structure has been optimized such that both conditions are met over a relative bandwidth of ~2% (Fig. 2c) . The performance of the waveguide coupler is verified using a finite-element solver (Fig.  3a) . A point source excites the two-way waveguide in the upper cladding, 11 lattice constants away from the convergence point where the one-way waveguide starts to run parallel to the two-way waveguide. Towards the right side of this convergence point, the waveguide coupler transfers power from the two-way waveguide to the one-way waveguide (Fig. 3b Fig. 4a) and from Port 3 to Port 1 (Fig. 4b) . The transmission spectra between these ports over a range of frequencies near the center frequency are shown in Fig.  4d . Even though the transmission from Port 1 to Port 2 decreases as the detuning from the center frequency increases, the sum of the transmission to Port 2 and Port 3 remains close to 1. The minimum reflection indicates the performance of the circulator is mainly limited by the bandwidth of the waveguide coupler, rather than the discontinuities in the system. Further structural optimization should yield more optimized dispersion relations for the constituent waveguides, given the large number of degrees of freedom in photonic crystal systems. The 1dB loss bandwidth for this circulator remains 2%.
We also performed scattering matrix analysis to isolate the impact of the waveguide coupler to the overall performance of the three-port circulator and the derived structures that will be discussed later in this paper. The three-port circulator is compartmentalized into three areas, two corner areas and a tri-mode area (a dual-mode waveguide coupler in the forward direction and a single-mode waveguide in the backward direction), as illustrated in Fig. 4c . Each area has three inputs and three outputs, corresponding to a 3x3 scattering matrix. In particular the tri-mode area is described by a simple diagonal matrix with a phase delay on the diagonal elements, where k i is the propagation constant of the i-th eigenmode and can be conveniently calculated with mode solvers using plane-wave expansion or finite-element methods. The corner areas require three independent finite-element simulations to extract the matrix element of scattering matrix for each frequency. Combining the scattering matrices of all three areas, we obtain the total scattering matrix of the entire system, where: 2 21 S and 2 31 S are the transmission coefficients from Port 1 to Port 2 and from Port 1 to Port 3 respectively (Fig. 4d) . A good agreement with the finite-element calculation of the full structures suggests that the scattering matrix analysis can be reliably used to examine performance of devices built from these constituent areas, such as cascaded three-port circulators in the next section.
Four-port circulator
As outlined earlier, additional ports can be introduced by cascading multiple three-port circulators. We present a specific example of synthesizing a four-port circulator by cascading two three-port circulators (Fig. 1b) by connecting the ports on the one-way waveguides. This implementation shares a single magneto-optical photonic crystal, on which a circulating edge mode is coupled to two parallel two-way waveguides subsequently and contains two directional couplers. At the previously calculated optimal frequency of the waveguide coupler at 0.548 2 c a π × , the four-port circulator also perform ideally in finite-element calculations: complete transmission occurs from Port 1 to Port 2 through the action of both waveguide couplers (Fig. 5a ), while light incident on Port 4 is routed completely to Port 1 without interacting with the coupler (Fig. 5b) . Similar transport behaviors are found between other ports as well.
At frequencies detuned from the optimal, the transmission of the four-port circulator is rather complex and we resort again to the scattering matrix formalism to understand the contributing factors. In so doing, we could efficiently compute the transmission spectra for devices with various lengths of the waveguide coupler and the vertical sections of the oneway waveguides. The four-port circulator can be decomposed into four corners and two horizontal tri-mode waveguides (coupler) and two vertical sections of a single-mode waveguide (one-way waveguide), as seen in Fig. 5c . Since we already know the scattering matrix of the corner and the dispersion relation of the waveguide coupler from previous analysis, the total scattering matrix of the four-port circulator can be calculated analytically by simple matrix calculations.
Since the waveguide coupler provides a bandwidth of around 2%, one might expect a similar drop in power transmission between the ports when the frequency is detuned from the optimal value. The calculated transmission spectrum (Fig. 5d) indeed exhibits a relative bandwidth of 1.3%, where the passband ripple is found to be less than 1dB. However, large transmission still occurs at a discrete set of frequencies far detuned from the optimal, even when the waveguide couplers do not provide complete power transfer. At these frequencies, residual power exists and circulates in the one-way waveguide, in contrast to the ideal case where residual power vanishes after propagating through both waveguide couplers (Fig. 5a ). With the circulating residual power, the entire stretch of the one-way waveguide functions as a ring resonator, where complete transmission occurs when the phase accumulated through the entire one-way ring is an integer multiple of 2π . We verified this observation by changing the length of the vertical section of the one-way waveguides y L and found the transmission peaks shift in frequency (Fig. 5f ), commensurate with ring resonator interpretation. The notable exception is found at the optimal frequency of 0.548 2 c a π × , where the peak frequency is unaffected by y L , consistent with a lack of residual power and the absence of the ring resonance. Further agreement is found in the simulation with a perfect absorber inserted in the left vertical section of the one-way waveguide: In that case, the circulating power is shut off completely, resulting in the disappearance of the oscillation. We note that such waveguide-coupler based circulators, in both three-port and four-port forms, can eventually provide much greater bandwidth, when one optimizes the dispersion relation of the underlying one-way and two-way waveguides. Here both the geometry of the photonic crystals and the frequency-dependent gyromagnetic tensor elements affect the dispersion. The incomplete transmission at detuned frequencies could originate from the reflection from the 90° bend or a non-ideal waveguide coupling. However, since the aggregated transmission to Port 2 for the three-port circulator (Fig. 4d) and the aggregated transmission to Port 2 for the four-port circulator (Fig. 5d) are both close to unity, the performance limitation is largely dominated by the waveguide coupler. There is also a tradeoff between the bandwidth and the length of the waveguide coupler in this proof-of-concept structure. However, given the large degree of freedom in dispersion engineering for photonic crystals, by varying the dimension and the shape of the nearest unit cells to the waveguides, one could in principle match the uncoupled dispersion relations of the two waveguides, over a much broader range of the frequency. In other words, equalizing the propagation constant and the frequency of the two waveguides could allow us to create ideal circulators over a frequency range close to the entire photonic bandgap. Moreover, increasing the coupling coefficient κ by physically merging the two-way waveguide and the one-way waveguide could reduce the interaction length, thereby reducing the overall device dimension significantly. With the emergence of novel infrared magneto-optical materials featuring the Voigt parameter comparable to microwave ferrites [32, 33] envision the experimental demonstration of such broadband circulator at optical frequencies.
Concluding Remarks
In this paper, we proposed a novel optical circulator based on directional couplers between a one-way waveguide and a two-way waveguide. We examined the bandwidth limit of such a waveguide coupler and its impact on the derived three-port circulators and four-port circulators. The bandwidth is not limited by the resonant linewidth and a three-port circulator and a four-port circulator are implemented numerically to feature a relative 1dB -bandwidth of 2% and 1.3% respectively. While our discussion has been restricted to two-dimensional structures, the operational principle and design procedures can be readily extended to threedimensional structures at microwave, THz and optical frequencies, using out-of-plane confinement employed in experimental three-dimensional chiral edge state systems [25] .
